
Subscript 0 indicates that the value of this partial derivative 
is taken with either the values of parameters obtained at the 
end of the previous iteration or the initial values. In the cal- 
culation of each Dij, it is assumed that the terms of matrix 
v A R ( r i )  do not vary. In fact, they are parameter dependent 
and they are recalculated at each step; however, this depen- 
dence is small near the optimum and the procedure was found 
always convergent for all the examples studied. 

The Fi's (Equations A6 and A7)  are deviation terms which 
can be considered as random variables generated from a set 
of measured variables. If one assumes a normal distribution 
for tio, it can be shown that uZ(Fi )  is unity and cov(Fi, Fj) 
is zero because the errors are independent in different experi- 
ments. Therefore, the variance-covariance matrix V A R (  Fi) is 
the unit matrix when all parameter increments A c k  are close 
to zero. The small variations of parameters sck produced by 
small variations in vector F are related by the following equa- 
tion deduced from ( A 4 )  and ( A 6 )  

Dt * D * 8C = Dt * 8F (A8)  

where D is the matrix of which the elements are the Dij's 

A = D t . D  (A91 

It results from ( A 8 )  and ( A 9 )  

A - 8C + 8Ct * 8 = Dt * OF * 8Ft * D (A10)  

A * V A R ( c )  * A = Dt * V A R ( F )  * D = A ( A l l )  

and finally 
V A N C )  = A-1 

APPENDIX B 
The variance covariance matrix of parameters V A R ( C )  is a 

symmetrical rn. rn matrix, and, therefore, it has m real eigen- 
values Wk ( k  = 1, . . ., m )  associated with m eigenvectors v k  

(of elements Vkl, Vk2, . . ., Vkm). 
Let 

m 

Xk = v k j  ' c j  

j = 1  

the following equations are deduced 

u 2 ( X k )  = V k t  ' V,8R(c) ' v k  

COV(Xk,  X j )  = V k t  ' v,8R(c) ' vj 
( B 2 )  

( B 3 )  

v k  and v j  being eigenvectors, it gives 

V A R ( c )  * v k  = W k  * v k  

V A R ( C )  . vj = W j  . v j  

Oz( X k )  = Wk V k t  * v k  

( B 4 )  

( B 5 )  

from ( B 2 ) ,  ( B 3 ) ,  ( B 4 ) ,  and ( B 5 ) ,  it is deduced 

( B 6 )  

COV( Xk, X j )  = W j  ' V k t  ' vj (B7)  

As the vectors v k  and Vj (with k # i )  are orthogonal and if 
it is assumed that they are normalized, the following equations 
are verified: 

g2(Xk) = W k  ( B 8 )  

COV(Xk, X j )  = 0 (€39) 

These last equations indicate that it is possible to find some 
combinations of parameters the errors of which are independent. 
The eigenvectors V k  give the eigendirections of the confidence 
hyperellipsoid (a) : 

c . VAR--'( C )  - c = 82 
the center of ( a )  being the optimal point Copt.  previously cal- 
culated. 

Manuscript receioed September 30, 1974; reuision received and ac- 
cepted February 10, 1975. 

Interphase Mass and Heat T 
in Pulsatile Flow 

A study on the effects of flow pulsations on interphase mass or heat 
transfer has been made. The situation corresponds to fully developed flow 
in a long conduit with a periodic pressure gradient at amplitudes which 
cause flow pulsations without flow reversal. It is shown that the basic 
three-parameter formulation can be reduced to a one-parameter problem 
in the boundary layer formulation. Solutions are developed over wide 
ranges of the parameters in both the basic and the boundary layer formula- 
tions. 

The boundary approach gives accurate results over wide ranges of 
the parameters. Pulsations cause increases in the time-averaged interphase 
flux a t  intermediate values of a composite frequency-space variable. How- 
ever, a t  small values of this variable the pulsations cause a decrease in 
the flux such that the overall space-averaged flux is always decreased. 

SCOPE 
For the past twenty years a great deaI of research has 

been directed at the question of whether pulsations in the 
this probIem, 
to numerous 
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both theoretical and experimental, have led 
contradictions. and there is still confusion 

fluid velocity in heat-and mass transfer 2evices can im- 
prove the performance of these devices. Investigations of 
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over the important basic question as to the circumstances 
in which pulsations cause an increase or decrease in the 
average interphase mass or heat transfer. 

Interphase mass and heat transfer are of interest in 

tions on the interphase flux clearly is of interest in each 
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of these areas. Possible biomedical applications include 
membrane oxygenators, dialysis devices of various types, 
and studies on mass transpart in the cardiovascular sys- 
tem. To the chemical engineer, the possibility of improv- 
ing the performance of an exchanger or reactor in which 
transport of heat or mass is rate controlling is of great 
practical importance. 

The objective of this study is to determine the effects 
on the time-averaged interphase flux of superimposing a 
periodic disturbance (in time) on the steady velocity of 
a fluid passing through a heat or mass transfer device. A 
simple model of the transfer device is chosen. Briefly, the 
model consists of a tube of circular cross section. At the 
wall of the tube, the concentration (or temperature) is 
maintained at some value different from the concentra- 
tion (or temperature) of the fluid entering the tube. The 
fluid is assumed to have a developed velocity profile and 
to be flowing in the laminar regime with no back flow 

of the fluid occurring Furthermore, the fluid phase is 
assumed to be an incompressible, Newtonian fluid with 
constant physical properties. 

The equations describing diffusion in pulsatile flow 
are solved by expanding the concentration (or tempera- 
ture) in a finite Fourier expansion in time. This expan- 
sion is substituted into the governing equations and the 
coefficients of each harmonic are collected and equated 
to zero. This process generates a set of simultaneous 
partial differential equations which are solved by implicit 
finite difference techniques. 

The problem described above has recently been studied 
theoretically by several investigators (Fagela-Alabastro 
and Hellums, 1969a, 1969b) and a similar problem has 
been considered by Davidson and Parker (1971). This 
work is an extension of the work of these previous in- 
vestigations and is aimed at obtaining results of more 
general applicability and accuracy. 

CONCLUSIONS AND SIGNIFICANCE 

The equations describing trace diffusion of material 
from the wall of a tube into a Newtonian fluid having 
constant physical properties and flowing through the tube 
in the laminar regime with a periodic (in time) disturbance 
superimposed upon the velocity distribution which would 
exist under steady flow conditions have been solved 
numerically to a high degree of accuracy. The solutions 
are restricted to cases in which the fluid does not reverse 
its direction of flow. 

In the boundary layer approximation to the diffusion 
equation,. it was found that the interphase fluxes could 
be expressed in terms of one parameter, a generalized 
amplitude parameter, rather than three parameters of the 
more general formulation. This one-parameter model is 
very effective in correlating and simplifying the repre- 

sentation of much of the prior work in this field; and it 
can serve as the basis for simplifying and correlating ex- 
perimental results. Both the boundary layer solutions and 
the solutions to the more general equations indicate that 
the time- and- space-averaged interphase flux for pulsatile 
flow in a rigid tube is always less than the space-averaged 
flux for steady flow (both flows having the same mean 
flow rate). For small enough lengths of tube there is always 
a decrease in the flux due to pulsations; even though 
there are local increases in the flux at intermediate lengths, 
the time- and- space average is always decreased by pulsa- 
tions. These results indicate that it would not be possible 
to enhance the performance of, say, a heat exchanger by 
periodically disturbing the flow on the tube side at least 
in the ranges of parameters studied. 

The effect of flow pulsations on rates of interphase 
transfer of mass or heat has been studied by several 
workers in recent years. The prior work can be divided 
into two categories: (1) external flows along various sur- 
faces such as flat plates, cylinders and spheres, and (2) 
flow in conduits. The present work is concerned primarily 
with flow in conduits although of course boundary 
layer problems in diffusion can often be applied in 
more general circumstances. The field of interest is further 
restricted in considering prior work to those studies which 
have been carried far enough to make qumtitative deter- 
mination of the effect of pulsations on the time-averaged 
interface mass or heat flux. 

There is surprisingly little literature on this restricted 
class of problems. Reviews of both the theoretical and 
experimental work are given by Davidson and Parker 
(1971) and by Fagela-Alabastro and Hellums (1969). 
Only a few studies will be discussed herein to illustrate 
the sometimes contradictory nature of the findings. In  
each case comparisons between pulsatile flow and steady 
flow are understood to be made at the Same average 
flow rate. 

Experiments conducted by Darling (1959) showed 
that in laminar-pulsatile flow in pipes the space-averaged 
interphase heat flux is virtually the same as the steady 
state heat flux. He found that the manner in which the 
fluid velocity was disturbed from the steady velocity made 
little difference in the results. 

Martinelli et al. ( 1949), using semisinusoidal velocity 
disturbances on the tube side fluid of a concentric tube 
heat exchanger, found that in laminar flow the overall 
heat transfer coefficient was increased over the steady state 
coefficient by as much as 30% and that in turbulent flow 
there was no appreciable change. 

West and Taylor (1952), using a reciprocating pump 
to circulate water through the tube side of a heat ex- 
changer, found a maximum increase of 70% in the overall 
heat transfer coefficient in turbulent pulsatile flow, whereas 
no increases were reported in laminar flow. 

transfer in laminar flow in pipes and found that pulsations 
had no effect on the overall heat transfer, regardless of 
the amplitude and frequency in Newtonian fluids- In 
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Edwards, Nellist, and Wilkinson (1973) studied heat 
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non-Newtonian fluids they observed small (up to 12%) 
increases. 

Krasuk and Smith (1963), in an experimental study of 
laminar-pulsatile flow mass transfer in pipes, found in- 
creases of up to 70% in the mass flux over the steady state 
flux. 

Apparently the first theoretical study was made by 
Romie (1956). He considered the constant heat flux 
boundary condition case for flow in a tube and showed 
that in the limiting case of very large distances down- 
streams the heat transfer coefficient was less for pulsatile 
flow than for steady flow. 

Davidson and Parker (1971) reported a theoretical 
study on heat transfer for flow between parallel plates 
with the isothermal surface boundary condition. They 
integrated the diffusion equation over the volume of the 
system and concluded for the limiting case of large dis- 
tances downstream that the flux must approach that for 
the steady flow case. This finding does not exclude sub- 
stantial increases or decreases for finite lengths. Davidson 
and Parker used a Fourier series expansion of the tempera- 
ture in which the interaction between harmonics was as- 
sumed negligible except for that between the zeroth and 
first harmonics. The coefficients in the Fourier expansion 
(and subsequently the heat flux) were obtained by solv- 
ing the equations for the coefficients using an explicit 
numerical procedure which required large grid spacings 
normal to the direction of fluid flow. 

Fagela-Alabastro and Hellums ( 1969) studied the 
interphase transport in rigid and distensible tubes with 
the constant concentration (or temperature) wall con- 
dition. Boundary layer approximations to the diffusion 
equation were considered and the concentration (or tem- 
perature) was expanded in a power series in the amplitude 
parameter up to the second-order term. They developed 
analytical solutions corresponding to the two limiting 
cases of small and large frequencies and several numerical 
solutions for the intermediate frequencies. There were a 
number of interesting results from this work which will 
be discussed briefly here since the present work mav 
be regarded as a continuation thereof. It was found that 
the local flux could be either decreased or increased by 
pulsations depending on the frequency. The increase in 
flux goes through a maximum and is significant for only a 
narrow range of frequencies. These increases in the inter- 
phase flux are frequency dependent and may become 
negative for low frequencies in the same way as in the 
rigid tube case. 

The objective of the present work is to develop solu- 
tions of more general applicability and accuracy than have 
been developed by previous investigators. The results 
have three characteristics different from the prior work. 
First, the solutions give relatively complete information on 
the effect of pulsations on the space- and-time-averaged 
flux, a quantity of obvious practical importance for which 
only limited results were previously available. Secondly, 
the solutions are free of the formal limitation to small 
amplitudes implied in the perturbation procedure previ- 
ously used. However, the solutions are still formally re- 
stricted to the class of flows in which there is no reversal 
in the direction of flow. Thirdly, the use of the boundary 
layer simplifications has been examined carefully, and 
more general equations of change have been applied. It 
was possible to show that the parametric description of the 
boundary layer problem is simpler than previously re- 
port ed. 

In the discussion to follow attention will be restricted 
to Fickian diffusion with constant physical properties. Of 
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course these results can also be designated as representing 
heat transfer in the usual way. The principal results are 
for flow in tubes; however, as will be explained below, 
the boundary layer resuits can be applied to certain other 
flows by re-interpreting the meaning of two parameters. 
The results are for laminar flow and, hence, restricted to 
Reynolds numbers less than 2000 where laminar flow is 
stable with respect to pressure pulsations. 

In the following sections, the formulation and simpli- 
fication are given for the boundary layer problem followed 
by that for the more general case in cy1,ndrical coordinates. 
Then the method of expansion and solution used in both 
formulations will be discussed in outline. 

FORMULATION OF THE BOUNDARY LAYER PROBLEM 

In the diffusion entrance region for a fully developed 
flow, it is possible to use the thin boundary layer ap- 
proximations. The approximation and the regon of \validity 
are discussed in more detail by Fagela-Alabastro and 
Hellums ( 1969a) and by hlcllichael (1972). 

The velocity distribution in response to a periodic axial 
pressure gradient in a long rigid tube has been known 
since the early work of Sex1 (1930) : 

V," = ( 1  -( $>") 

where the pressure gradient is of the form 

The velocity distribution near the tube wall (that is, 
small values of y) can be obtained from Equation (1) 
by use of Taylors series through the first-order term in y: 

This expression can be written in a much more compact 
form as 

where 

and 

a = - 

( 5 )  

and Mk(6J)  and & ( O )  are the moddus and argument of 
] k  (~i3'2). 

The function h/h. can be evaluated once and for all as 
a function of the frequency parameter, o (see Figure 1)  
and hence the amplitude of the pressure fluctuation h will 
not appear directly in the differential equations describ- 
ing the problem. In fact, the development of Equation 
(4) and the introduction of A, a generalized amplitude 
parameter, makes it possible to eliminate both A and o as 
parameters in the final formulation. 

The boundary layer diffusion equation is given by 

( 7 )  
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with conditions on Y (t, y, z)  

Y ( t ,O,z)  = 1 z >  0 

Y (t,y,O) = o  y > o  ( 8 )  
Y ( t ,oo,z)  = o  z > o  

In addition, attention is restricted to periodic solutions 
with period 2r/& Combining Equations (4) and (7) and 
selecting variables to minimize the number of parameters 
by use of the Hellums and Churchill (1964) method 
yields a one-parameter problem: 

(9) 
a?u aY a 3  
ar a[ a 3  - + ~ ( l + n c o s ~ )  -=- 

The boundary conditions are the same as those given in 
Equation (8) except that T replaces t, ( replaces z, and u 
replaces y therein. 

The independent variables are defined as 

Interestingly enough this choice of variables, which re- 
duces the boundary layer case to a problem in one param- 
eter does not seem to have been used by prior workers. 
Note that frequency is not a parameter in the problem 
although of course the effect of frequency is implicit 
through the definitions of T, [, u, and A. McMichael 
(1972) has shown haw the results of several prior work- 
ers including Hellums and Alabastro (1969) and Fortuna 
and Hanratty (1971) can be compressed and simplified 
by using the variables of Equation ( 10). Results presented 
in terms of two parameters are readily shown to be repeti- 
tious. Families of curves collapse into a single curve if 
expressed in terms of the variables given above. 

Another change of variable which will place the prob- 
lem in a form more suitable for solution will now be con- 
sidered. Notice from the boundary conditions, Equation 
( 8 ) ,  that P is not defined at the origin and, of course, ?y 

and its derivatives cannot be continuous there. Now con- 
sider a wansformation of independent variables from 
(7, 5, u) to (7, 4, r ) )  where r )  = Equation (9) 
becomes 

with conditions 
Y (7,[,0) = 1 ('0 

(12) 
(T,[, 00) = 0 [ % o  

The conditions for 5 = 0 must be considered in more de- 
tail. It is assumed that as [ + 0, the derivatives of Y 
remain bounded. Then as 5 + 0, Y satisfies an equation 
consisting of the last two terms of Equation (11). The 
solution of this equation yields the desired condition on the 
dimensionless concentration Y at 5 = 0 

e-ZS/9 dx 
Y ( T , O , r ) )  = 1 - (13) 

e - Z S I 9  dx Am 
Equation (13) is recognized as the limiting case of very 
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low frequencies or the quasi steady solution, and it is now 
recognized as also representing the limiting case of z (or 
6) + 0. It is of course the classical Leveque solution with 
the steady velocity of the Leveque problem replaced by 
the instantaneous value of the velocity. Lipkis (1955) 
gives a discussion of the Leveque solution and a correc- 
tion term which may be regarded as a second term in an 
asymptotic expression for 5 + 0. 

The change of space variables from (6, u) to ( f ,  7) has 
another important property illustrated in Figure 2. The 
boundary layer is stretched from a region wherein Y + 0 
along u = 8&/3 to a region which is approximately rec- 
tangular. In principle, to is infinite since v -+ 0 asymptoti- 
cally, but in numerical calculations a finite 80 can be found 
for which is approximately zero to any desired degree 
of accuracy. The rectangular region and the smoothly 
varying condition along 5 = 0 are both highly advan- 
tageous in applying numerical methods to the problem. 

FORMULATION IN CYLINDRICAL COORDINATES 

The boundary layer approximation in principle is the 
asymptote for small z and may be of questionable validity 
for some values of the parameters, especially since the flow 
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pulsations may increase the boundary layer thickness. 
'Therefore, a more general formulation in cylindrical co- 
ordinates has been investigated. 

The dimensionless equation in cylindrical coordinates 
neglecting axial diffusion is 

( P C )  (14) 
1 8  

(V,"v) =- - av a 
W2SC - + - aT a20 P aP 

It can be seen that the parametric description of the prob- 
lem is much more complicated than the boundary layer 
case which was reducible to a single parameter A. The 
cylindrical formulation is a three-parameter problem: 02Sc 
from Equation ( 14) ; and the two independent parameters 
in the velocity distribution-A and o. The velocity distribu- 
tion is the complete one from Equation (1) rather than 
the simpler boundary layer approximation of Equation 
( 3 )  or ( 4 ) .  The generalized boundary layer amplitude 
parameter Li has been chosen for use instead of A because 
it is known from the boundary layer analysis that to 
a first approximation w will not be an independent pa- 
rameter if such a choice is made. The use of A instead of 
x is permissible since A is determined uniquely by X and 
w through Equation ( 5 )  as displayed in Figure 1. There- 
fore results will be expressed in terms of the three param- 
eters Sc, A, and W. 

Equation (14) is in terms of dependent variables (7, 

z', p ) .  For small z' there is the same motivation to 
change space variables as in the boundary layer case dis- 
cussed previously. Hence a transformation is made to the 
system (7, z', 0 )  where e = (1  - ~ ) / ( z ' ) l / ~ ,  The trans- 
formed equation is to be satisfied with conditions of the 
form of Equations (12) and (13) with the ( 6 ,  1) space 
variables replaced by the pair (z" ,  6). 

Before going into the numerical method there is an- 
other aspect of the differential problem which should be 
discussed. The use of the second of conditions (12) im- 
plies that for all z', v approaches the entrance value 
(zero) to a desired accuracy for some finite value of 0, 
say B,,,. A finite value such as this Omax must be adopted 
in numerical work. This approach is entirely satisfactory 
over the range of values of z' of most practical interest. 
However, the approach must always fail for sufficiently 
large z'. As z' increases, eventually (Om,,) ( 2 ' )  u3 ap- 
proaches unity, corresponding to p = 0, at which time 
this approach must be abandoned. Roughly speaking, this 
condition corresponds to the diffusion boundary layer ex- 
tending throughout the tube. In the numerical procedure 
integration is carried out forward in z', the time-like 
variable. The procedure described above was terminated 
at 2' = and switched to a large z" procedure now 
to be described. 

In the large z' procedure, the original independent 
space variables (z', p )  were used instead of the (z', 0 )  
system discussed above. Since the zQ, p system is the basic 
cylindrical coordinates, no condition at the center line is 
needed in posing the problem although some authors 
choose to write a v / a p  = 0 on p = 0. For the thick bound- 
ary layer (large 2") region, the (z', p )  system is ad- 
vantageous. The only difficulty in using the coordinate 
system is in establishing the initiating conditions at the 
z' position where the small z' procedure is terminated 
(z' = loe3) .  A uniform grid spacing in terms of the e 
variable yields a variable spacing when expressed in terms 
of p .  Hence, an interpolation procedure had to be used to 
match the two solutions. Otherwise the Fourier expansion, 
the equations, and the numerical procedure, while differ- 
ent in detail, are the same in the most important ways. 
Therefore, only the small z' case will be discussed here 
and even that discussion will be restricted to the bound- 

ary layer case since our results showed it to be the more 
important. Complete details of all cases are given by 
McMichael ( 1972). 

FOURIER EXPANSION AND NUMERICAL PROCEDURE 

Equation ( 11) with conditions given by Equations (12) 
and (13) and the requirement of periodicity was solved 
by two independent methods: (1)  a sixth-order regular 
perturbation procedure in A, and (2)  a Fourier expansion 
method. In both cases a system of parabolic partial differ- 
ential equations is generated and solved by a moddied 
Crank-Nicholson numerical method. The perturbation pro- 
cedure is described by McMichael (1972) and will not be 
discussed here. Excellent agreement in results was found 
by the two methods. Remarks will be confined to the 
Fourier series approach since in principle it is applic- 
able for large amplitudes and since it is the method used 
in the more general cylindrical case. 

The dimensionless concentration Y is approximated by 
the truncated Fourier series: 

2N 

*% a l ( 6 , T )  vl(T) (15) 
1=0  

in which the functions Vl are the usual orthonormal trig- 
inometric functions: 

1 
V ~ N ( T )  = sin NT 

The Fourier expression is introduced into Equation ( l l ) ,  
multiplied by Vj, integrated over a period with respect to 
7, and the orthogonality property of the Vis is used. This 
procedure yields a system of 2N + 1 simultaneous, linear, 
parabolic partial differential equations in the functions 
a l ( 5 , q )  in which 6 is the time-like variable: 

where 

m is the vector with elements at I = 0, 1, 2, . . ., 2N 
A is the 2N + 1 square matrix with elements 

C is the 2N + 1 square matrix with elements 

<x, y> = 

aij = <vi, avj/aT> 
cij = <Vi, Vj COST>, 

xydT defines the inner product. 

and 

The boundary conditions on the problem for 1 = 0, 1, 2, 
. . . 2 N  are 

a o ( E ,  0) = vz 
at (6 ,O)  = 0, I f 0  (18) 
at([, 0 0 )  = 0, for d I 

and the initial conditions are simply the Fourier coefficients 
of Y ( T ,  0, 1) from Equation ( 13) : 

ado,?) = <*(T,O>1),vt> (19) 

To illustrate the form of the problem, it can be said each 
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equation is of the form 

A 
trk = 

where f t ( 'a [ -2 ,  at-1, . . ., ,at+2) denotes all the lower order 
terms in the equation and illustrates the simultaneous 
nature of the equations. There is interaction of each 
(including ao) with at least one other al, and with at most 
the four at with most nearly the same index. 

In summary, the original problem has been replaced 
by Equations (17) subject to conditions given by Equa- 
tions (18) and (19). The changes of variable and the 
Fourier expansions have led to a problem of a type well 
suited for numerical integration: the function and its de- 
rivatives in terms of the transformed variables are continu- 
ous including the boundary and initial points; the region 
of integration has been mapped into a semi-infinite rec- 
tangle; there is no need for variable grid spacing because 
the boundary layer has been stretched; and, finally, the 
Fourier expansion has yielded a system of parabolic equa- 
tions of the form for which numerical methods are highly 
developed. 

The well-known Crank-Nicholson numerical method was 
applied to the system of equations. The 6,  71 quarter plane 
is subdivided in the usual way such that f = khf and q 
= jhq. The vector p.jk is defined as the finite difference 
approximation to a ( k u ,  iA7) and the following difference 
operators are defined: 

8&jk = (@jk+' - Pjk)/(Az*) (21) 
Se&k = ( p j t l k + ' / 2  - &-lk+'") / (2Ae) (22) 

8~'p.j~ = ( P j + l k + ' / '  - 2pjkf1/2 + IJ , j - lk+1 /2 ) / (AB)2  

(23) 

where p.jk+l/z is defined to be (1/2) (pjk + p.jk+'). Then 
the difference equations in p.jk are precisely of the form 
of Equations (17) in a( f ,  q )  with the difference operators 
on the variables replacing the corresponding differential 
operators on the a variables. The a values which are not 
differentiated are replaced by pik+ u2 the centered value. 
Similarly, the f values are taken at the k +- 1/2 level. This 
centering is essential to obtain second-order accuracy in 
both space variables. 

The conditions on the p. values are the same as those on 
the u values, Equation (18),  where i = 0 corresponds to 
9 = 0 and i = M corresponds to 7 = 7max. Along the line 
k = 0 (f = 0) ,  either the difference solution or the exact 
solution to Equation (13) may be used to yield the initial 
data. The computation procedure consists of computing 
the values of the p.jkfl, i = 1, 2 . . . M - 1, from the 
known values pik, j = 1, 2 . . . M - 1. The values for i = 
0 and j = M are the boundary values. The procedure is 
repeated until any desired k ( 5 )  level is reached. 

The problem at each k level has some interesting and 
important properties. Suppose the vectors p.jk are ordered 

to form the vector pk where 
A 

IPlk ' 
p.zk 

P M - l k ,  

Pjk = 

. W2N,ik 

so that in the final elements (those with two subscripts) 
the first subscript denotes dependent variable number ( a  
number) and the second denotes i position (radial, 71 or 0 
position). Then the inversion problem at each stage can 
be written as 

In this reordered form, the matrix Dk+' has a very im- 
portant property in that it is block tridiagonal. That is by 
no means the same as tridiagonal. Nevertheless, it is 
possible to invert this matrix directly at each stage by an 
extension of the method used for tridiagonal matrices. 
Needless to say, the direct inversion procedure is ex- 
tremely efficient in comparison to the various iterative 
schemes often used on this class of problems. 

Studies were carried out to check the effects of grid 
spacing and dimensions and of the number of terms in the 
Fourier expansion on the computed fluxes. All the results 
reported here were with five terms in the Fourier expansion 
( N  = 2) : In test cases the results were the same as those 
with seven terms ( N  = 3) to at least three significant 
figures. In the more difficult cylindrical formation other 
computational parameters were M = 70, B,,, = 8.0 and 
AZO from 10-5 to depending on the value of x*  and 
on the Schmidt number. By trial and error the parameters 
were selected such that the results were independent of 
the values of M ,  N ,  Om,,, and AZ' to three significant 
figures. McMichael ( 1972) has presented a detailed discus- 
sion of the numerical method including proof of con- 
vergence and a discussion of the advantages of using nu- 
merically compatible, although slightly inexact, initial data 
in preference to exact initial data. 

RESULTS 

All of the results to be discussed here are expressed in 
terms of time-averaged quantities since these are of most 
interest in applications. I t  is interesting to compare both 
the local and space-averaged flux with the corresponding 
flux for steady flow at the same mass average velocity. For 
this purpose the following quantities are defined: 

7 1 2~ a'3r 
d o  ap I p = 1  dr 

( 2 6 )  

- - I /  

@ = A-2 
A=O 

, J 

The @ values represent the fractional increase in the 
interphase flux over the steady state flux divided by h2. 
Results for various values of A show that division by h2 
accounts for the A dependence fairly accurately: the 
@ values so defined depend very little on A in the range 
(0 < A < 1) studied. In the boundary layer case the flux 
values for A = 0 (no pulsation) were taken from the well- 
known analytical solution, Equation (13) with A = 0. 
In cylindrical coordinates the flux values for A = 0 were 
developed by solving the equations in the same way as 
for the nonzero values of A. The results for all practicd 
purposes are identical to the well known Graetz-Leveque 
solution. 

RESULTS FOR THE BOUNDARY LAYER APPROXIMATION 

Since the boundary layer roblem has been reduced to 

concisely. The results for the local flux are shown in Figure 
3 for the complete range of validity of the equations. It 
can be seen that even the one parameter h has relatively 
little effect in terms of the variables chosen to represent 
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the results. The limiting cases of A + 0 would correspond 
to either A + 0 or o + co (as shown in Figure 1) and 
is completely equivalent to the steady flow case. Hence, in 
the limit of A + 0 the flux increase is zero even though 
@ is not. In the limit is of the form zero over zero and 
the limit is nonzero as shown in the figure. 

Notice that for small values of 5, the flux is actually less 
in pulsatile flow than in steady flow, for intermediate values 
there is an increase over a relatively narrow range, then 
as t increases the flux returns to the steady state value. 
Note that the effect of frequency is slightly more compli- 
cated than that of t. Changes in frequency affect both t 
and A. For example consider increasing frequencies with 
a11 other quantities fixed. Beyond the point where is a 
maximum, the decrease in @ towards zero is accelerated 

beyond what one would observe from its effect on [ be- 
cause increasing the frequency not only increases [ but 
also causes A to decrease. 

In Figure 3 it is seen that the local flux can either be 
increased or decreased depending on the axial position and 
the values of the parameters. A different picture emerges, 
however, when the space-averaged flux, which is the quan- 
tity of primary interest in many applications, is consid- 
ered. The space-averaged results are shown in Figure 4. 
For all cases under the boundary layer approach, the net 
effect of pulsations is to diminish the interphase flux. The 
negative values of @ at small t more than offset the posi- 
tive values which occur at intermediate values of t. An- 
other point which should be stressed is that the predicted 
effects are small. Specifically, the greatest magnitude of 
gshown is about 0.08, the decrease at t = 0. This cor- 
responds to a change due to pulsations of no more than 
8%. 

Some consideration of the range of validity of the 
boundary layer approach should be given. Fagela-Alabastro 
and Hellums (1969a) reported the result that in steady 
flow the boundary layer approach should be valid over 
the range 0 < x / H  < 0.3 Re Sc for 0.1 Re < Lo/R, which 
covers a very wide range of lengths for diffusion in 
liquids since the Schmidt number for liquids is on the 
order of lo3 or higher. The condition 0.1 Re < Lo/R 
where Lo is the distance from the inlet of the tube to the 
inlet of the transfer region guarantees developed flow in 
the transfer region. The upper limit, z / R  < 0.3 Re Sc 
( z"  < 0.3) is due to the thickening of the diffusion 
boundary layer. In the next section results which show that 
the boundary layer approach also seems to yield reliable 
estimates of the flux in pulsatile flow over a wide range 
of the parameters will be presented. 

Before leaving the boundary layer case it should be 
pointed out that the solutions given here for flow in a 
tube actually apply to all other boundary layer flows in 
which the velocity is periodic in time and independent of 
the space dimension measured along the boundary. The 
parameters R, A, and enter the diffusion problem only 
through the velocity distribution, Equation ( 3 ) .  Therefore, 
the solutions apply to any velocity distribution of the form 
of Equation (3)  with appropriate redefinitions of R, A, 
and a. 

RESULTS IN THE CYLINDRICAL FORMULATION 

It is interesting to consider the cylindrical case and to 
compare the results to those from boundary layer theory. 
The local and average values of the flux variable are shown 
in Figures 5 and 6, respectively, as functions of the space 
variable z". The shape of the curves is much the same 
as in the boundary layer case except that a logarithmic 

0. 04rsc= 1000 w =  1.414 

Fig. 5. The time-averaged local flux for the cylindrical system. 
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space variable scale has been introduced so results over a 
wider range of zo can be displayed. The curves differ for 
different values of the parameters Sc and O,  but the im- 
portant conclusion that the space-and-time ayerased flu.: 
is always less for pulsatile flow applies as in the boundary 
layer case. Notice that the upper and lower curves in these 
figures both have two sets of parameters associated with 
them. The results were identical within the scale of the 
figures for the two sets of the parameters. I t  can be seen 
that identical results were obtained for different values of 
the two parameters o and SC providing the product w2SC 

was the same. This finding would be predicted from 
boundary layer theory. It is known that w is an indepen- 
dent parameter in these more general equations. However, 
by the choice of variables the effect of w has been mini- 
mized. 

The figures show that the flux variables approach zero 
for large zo .  In some cases the calculations were ex- 
tended beyond the range shown on the figure, and it was 
found that Q increased again for very large z*. However, 
the increase in flux found was extremely small and may be 
an artifact of the numerical procedure. In any event the 
calculated increase cannot be of consequence because the 
values of z* are outside the practical range, They are 
outside the practical range because the flux, both pulsa- 
tile and steady, is many orders of magnitude smaller than 
the flux in the entrance region. In effect Cp approaches the 
zero-over-zero form as zo increases and a significant change 
in CJ can be caused by insignificant changes in one of the 
fluxes. 

It is interesting to look at these same results expressed 
in terms of the boundary layer variable ( as shown in Fig- 
ures 7 and 8. It is seen that the boundary layer variables 
do an excellent job of correlating the results together. 
The deviations in the figures are on an expanded scale 
and are smaller than would be indicated on superficial 
observation. In fact, the largest of these deviations from 
the boundary layer results is about 2%.  The largest de- 
viations from boundary layer theory are for the smallest 
values of Sc, as might be expected. Since the emphasis 
in this work is on diffusion in liquids, smaller values of 
the Schmidt number have not been examined in detail, 
but in such cases boundary layer theory would be less 
accuiate. All the results discussed in this section have 
been for a fixed value of the parameter A. However, othsr 
results not reported here showed that, as in the boundary 
layer case, A has little effect on results expressed in terms 
of Q and 5 
DISCUSSION 

The results presented have all been on the time-averaged 
interphase flux in the diffusion entrance region. McMichael 
(1972) presents much more detailed results. He also gives 
results for additional values of the parameters, and the 
results of a careful series of studies on the accuracy and 
convergence of the methods of solution. 

The results of Figures 5 through 8 show that the 
boundary layer approximation is a valid approximation 
over a somewhat wider range of parameters than might 
be expected without such detailed study. In setting up 
the boundary layer problem, it was found that it can be 
reduced to a single one-parameter problem and that even 
the one remaining parameter has little effect for practical 
purposes on an appropriately chosen flux variable. Hence, 
the results can be presented in an extremely concise way 
as shown in Figures 3 and 4. 

The most important finding (Figures 4, 6, and 8) is 
that the space-and time-averaged flus is always diminished 
bv flow pulsations. There may be local increases in the flux 
(Figures 3, 5, and 7 ) ,  but for all axial positions the space- 
and time-averaged value is always less than would be 
obtained in steady flow at the same mass average velocity. 

The effects of flow pulsations in rigid tubes are small 
and are predicted with adequate accuracy by boundary 
layer theorv. In fact, in many applications satisfactory ac- 
curacy could be obtained by ignoring the effect of the 
pulsation. The largest effect determined is a decrease in 
flux of about 8 C ; ,  which is smaller than the inherent un- 
certainty in many mass transfer correlations. 

The results presented here are for circumstances for 
which there is no flow reversal. That is to say, UZ oscillates 

AlChE Journal (Vol. 21, No. 4) Page 750 July, 1975 



about some mean value but is positive at all radial posi- 
tions at all times. Values of the parameters h and o for 
which v. is always positive are those for which A < 1 as 
determined using Figure 1. I t  can be seen from the bound- 
ary conditions, Equations (8), that a condition of uniform 
concentration along z = 0 was imposed. This condition 
could not be imposed in cases for which flow reversal 
causes upstream transport by convection during some 
parts of the cycle. Therefore, solutions for A > 1 would 
require different treatment from that given here. The 
character of the differential equations is quite a e r e n t .  
Intuitive arguments can be advanced to suggest that for 
A > 1 the effect on the flux would be less than the effect 
reported here for h < 1. However, such intuitive argu- 
ments should be used with caution. The complicated de- 
pendence of the flux found in this work would be difficult 
to explain from intuitive arguments even now that the re- 
sults are known. Any such qualitative arguments would 
have to account for changes in sign of the flux variable 

for various values of o and 2’. Hence, additional study 
is needed to extend the work to large amplitudes. 

Analysis of the experimental results discussed in the 
introduction indicates there are still unexplained differ- 
ences in results under circumstances where large amplitude 
pulsations are used. Some workers report large increases 
in interphase flux, and others report none. Some of these 
apparent contradictions may be due to different experi- 
menters using greatly different values of the parameters. 
Certainly mass transfer experiments (SC LJ 1,000) might 
be expected to differ from heat transfer experiments ( P z  - 10). 
NOTATION 

2N + 1 by 2N + 1 matrix with elements Q; 
i , j = O , l ,  ..., 2N 
<Vi, aVj/ar> 
2N + 1 by 2N + 1 matrix with elements cu; 
i , j = O , l ,  ..., 2N 
<Vi, Vj cos r> 
a block tridiagonal matrix defined by Equation 
(25) 
molecular diffusivity, cm2/s 
a function of art-%, at-1, . . ., a1+2 defined by 
Equation (20) 
a vector of functions evaluated at the &th stage 
defined by Equation (25) 
Bessel function of the h s t  kind and kth order 
number of grid s acings in the 8 or 7 direction 
modulus of lk ( xi3$) 
number of harmonics in the Fourier expansion 
Schmidt number, v /D  
Reynolds number based on 2R and Uo 
radius of the tube, cm 
radial position, cm 
2N + 1 by 2N + 1 matrix with elements 8 ~ ;  
i, i = 0, 1, . . ., 2N 
<Vi sin r, Vj> 
time, s 
dimensionless time, fl  
time-averaged mean velocity in the axial direc- 
tion, cm/s 
trigometric function of defined by Equation 
(16) 
velocity in the axial direction, cm/s 
Vz/2U0 dimensionless axial velocity 
distance measured from and normal to the tube 
wall, cm 
axial distance measured from the entrance of the 
transfer region, cm 

Z” = (ZD)/(2UoR2) 
Greek Lectern 

at = coefficient of Vi(7) in the expansion for t 
fl  = circular frequency of pulsation, s-l 
80 = value of 7 at which the boundary layer ends and 

Y-0 
(aP/az) = time-averaged pressure gradient in the axial 

direction, dynes/cm3 
1) = similarity variable, u/5l/3 
8 = similarity variable, ( 1 - p )  / (2”) l‘s 
ek = phase angle of ]k ( 0P2) 
Om= = maximum value of 8, at which t = 0 
A = generalized amplitude of pulsation, 2hM1(0)/ 

k = dimensionless amplitude of pressure pulsation 

3 = vector defined by Equation (24) with elements 

p j k  = vector defined by Equation (24) with elements 

pljk = finite difference approximation of at( hz”, /A@) 

a = [a09 a1, * * -9 a 2 N l T  

( o M o ( o )  1 

P.Jk 

Pl.Uk 
pjk”” = (1/2) (pjk+’ + p j k )  

V = kinematic viscosity, cm2/s 
= dimensionless axial distance zR/4Uo dF/D 

P = dimensionless radial distance, r / R  
U = dimensionless distance from the tube wall, 

7 

@ 

yoSc%/R 
= dimensionless time, & + 
= ratio of the time-average interphase flux for 

pulsatile flow to the steady state flux; defined 
by Equation (26) 

= ratio of the space- and time-averaged in inter- 
phase flux for pulsatile flow- to the space-aver- 
aged steady state flux; defined by Equation 

= dimensionless concentration (or temperature), 
defined to be zero at the entrance and unity at 
the boundary 

- 
@ 

(27) 
cp 

n = el(@) - e0(@) - 
0)  

8, 
88 
So2 
<x, y> = inner product, f q d r  

= frequency parameter R( B / v )  W 
= difference operator defined by Equation (21) 
= difference operator defined by Equation (22) 
= difference operator defined by Equation (23) 
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Diffusion and Reaction in Turbulent Flow of 
a Power-Law Fluid in a Circular Tube 

V. MOHAN 
J. RAGHURAMAN 

Simultaneous diffusion and homogeneous reaction during the turbulent 
flow of a power-law fluid in a tubular reactor has been studied using the 
correlations for the velocity profile and eddy diffusivity proposed by 
Krantz and Wasan. The results of the theory indicate that while the cup- 
mixing concentration is unaffected by variations in the Reynolds number, 
the Schmidt number, or the flow behavior index, it is significantly influenced 
by the reaction parameter and the reaction order. 
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SCOPE 
The flow of a non-Newtonian fluid in various geometries In this work, simultaneous diffusion and homogeneous 

is a problem that has received considerable attention in reaction in a tubular reactor for the turbulent flow of a 
recent years. For the turbulent flow of a power-law fluid 
in a pipe, cantz and Wasan presented correlations for power-law fluid has been investigated using the velocity 
both velocity profile and eddy diffusivity and predicted profile and eddy diffusivity correlations proposed by 
Significant hflUenCe Of non-Newtonianism On the axial 
dispersion coefficient. However, the role of non-New- 
tonianism on chemical reaction in tubular reactors has 

Krantz and Wasan. The resulting differential equation has 
been solved for Neumann boundary conditions using the 

not been determined so far. Crank-Nicholson finite difference sheme. 

CONCLUSIONS AND SIGNIFICANCE 
The dimensionless cup-mixing concentration is unaf- 

fected by variations in the Reynolds number or the flow 
behavior index since the dimensionless velocity profile 
for the turbulent flow of a power-law fluid changes by 
less than lw0, even for wide variations in these param- 
eters. The conversion is insensitive to variations in 
Schmidt numbers ranging from 10 to 10‘3. However, the 
length of a reactor for a given conversion is inversely 

proportional to the reaction parameter for all orders of 
reaction. Furthermore, the cup-mixing concentration is 
significantly influenced by the reaction order, the con- 
version being larger for reactions of lower order. It is 
therefore concluded that for simultaneous diffusion and 
reaction in turbulent tubular flow of a power law fluid 
the major factors influencing the conversion are the re- 
action parameter and reaction order. 

The problem of diffusion and reaction in isothermal 
tubular reactors has received much attention. The laminar 
flow of Newtonian fluids has been widely studied starting 
with the work of Lauwerier (1959), Cleland and Wilhelm 
(1956), and Hsu (1965) for single homogeneous first- 
order reactions, Vignes and Trambouze (1962) for second- 
order reactions, Wissler and Schechter (1961) for con- 
secutive first-order reactions ,and, Walker (1961) and 
Solomon and Hudson (1967) for simultaneous homoge- 
neous and heterogeneous first-order reactions. The turbu- 

lent flow situation, on the other hand, has been neglected. 
The wall catalyzed first-order reaction was studied by 
Wissler and Schechter (1962) for the turbulent flow of 
a Newtonian fluid in a circular tube and by Randhava and 
Wasan (1972a) for reactions of arbitrary orders. The cor- 
responding problem for homogeneous reactions with 
Dirichlet boundary conditions was analyzed by Randhava 
and Wasan (1971,1972b). 

From a practical standpoint, the analogous problem for 
the flow of non-Newtonian fluids deserves more attention 
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